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We recently conjectured that a certain projective d-arrangement ~ associated with a regular 
simplex Od is simplicial for d = 4 and suggested that it might even be simplicial for d > 4. In this 
note we disprove both conjectures. 
A (projective) d-arrangement is a finite set ~t of hyperplanes in d-dimensional 
real projective space ~ such that A (~t) = ~. Such an arrangement is simplicial if 
the components of Pd\I,.J (~t) are all simplices. For details and context, see 
Griinbaum and Shephard [4] and Alexanderson and Wetzel [1]. Throughout we 
suppose real projective d-space P~ to be generated from Euclidean d-space n =d in 
the classical manner by adding a hyperplane at infinity. 
Let Od be a regular simplex in ~=d_C pal. In [1] we considered for d = 3 a 
d-arrangement ~ that is associated with Od, defined as follows. Let ~o be the 
d-arrangement that comprises the hyperplanes of mirror symmetry of Od and, for 
each non-empty proper subset S of vertices of Od, the unique hyperplane through 
the vertices in S that is disjoint (in ~=a) from the flat spanned by the remaining 
vertices of Od; and let ~Bd be ~0 together with the hyperplane at infinity. 
We observed in [1] that ~2 is simplicial (it is A2(10), pictured in [4, p. 50]), 
proved that ~3 is simplicial, conjectured that ~ is simplicial, and suggested that 
~a might be simplicial for each d > 4. Moreover, 9~o is simplicial (it is A21(9), 
pictured in [4, p. 50]), but as noted in [1], ~o is not simplicial. Here we prove the 
following negative result. 
Theorem. The arrangements ~ and ~o are not simplicial for any d >I 4. 
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Proof. Introduce homogeneous coordinates (x~, . . . ,  Xd+~;Xo) in pd+x, taking 
x0 = 0 to be the hyperplane at infinity, and regard pd as the hyperplane in pd+~ 
with equation 
x l  + x2  + • • • + xa+l  = Xo. (I) 
Take Od to have its vertices at the d+l  points with coordinates 
(1, 0 , . . . ,  0; 1), (0, 1 , . . . ,  0; 1 ) , . . . ,  (0, 0 , . . . ,  1; 1). Then the hyperplanes of 
~o have, with (1), the equations ~Jk=l Xi~ = XO for each j = 1, 2 , . . . ,  d and j-tuple 
(il, i2,. • . ,  ij) with 1<~ il < i2 <- ' -  < ij <~ d + 1, and xi = xj for each pair (i, j) 
with l <~i < j<~d + l. 
One could easily show using these equations that ~ua and ~o induce in the facet 
hyperplane Xd+l = 0 precisely the (d - 1)-arrangements 3 ~d-1 and 9~o-1; and then, 
in view of the fact that ~o is not simplicial, the proof could be completed by an ad 
hoc argument to show that ~4 is not simplicial. We prefer to do the argument in a 
single step. 
Suppose that d~>4, and let L 2 be the 2-flat of ~o given by x~ =x2=s,  
x3 = x4 = t, xi = 0 for 4 < i < d + 1, and xd+, = Xo - 2s - 2t. Then it is immediate 
from the above equations that the hyperplanes of 3~o meet L 2 in the 2- 
arrangement formed by the following lines: s = 0, ½Xo, Xo; t = 0, ½Xo, Xo; s + t = 0, 
X2Xo, Xo; s - t = 0; s + 2t = 0, x0; 2s + t = 0, Xo; 2s + 3t = Xo; 3s + 2t = Xo; and the 
line Xo = 0 at infinity (if d ~> 5). 
The sketch, drawn in the circular arc model of 03)2 (see Appendix), discloses 
that the lines s = ½Xo, s = Xo, s + t = 0, and 2s + t = 0 in this 2-arrangement form 
an undissected (bounded) quadrilateral. It follows that ~ and 3~o are not 
simplicial when d I> 4. 
Other d-arrangements a sociated with od have been studied. The arrangement 
formed by the facet hyperplanes of od, with or without the hyperplane at infinity, 
is never simplicial for d I> 2. The arrangement formed by the facet hyperplanes 
together with the hyperplanes of mirror symmetry of od, however, is simplicial 
for each d>~2 (see [3, Theorem 3.2, pp. 3.5-3.6], [4, pp. 62-63]); but the 
simplicial nature is lost if the hyperplane at infinity is included. These assertions 
can all be established by induction using the fact that each of these d- 
arrangements induces in its hyperplanes (d -  1)-arrangements of the same 
projective type. 
Appendix 
At the request of the referee, we include a very brief description of Klein's 
circular arc model of p2, which we find convenient to picture 2-arrangements and 
which seems not to be as well known as we had believed. 
Take p2 to be given in terms of homogeneous coordinates (xl, x2; Xo), and let 
A be the (closed) unit disk in the (u, v)-plane with antipodal points on the unit 
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circle identified. The circular arc model arises from the correspondence b tween 
A and p2 established by 
(u, v) <--~ (2u, 2v, u 2 + v 2 -  1). 
Lines in A are the (cross-identified) unit circle and the circular arcs (and 
diameters) of A that join two (identified) antipodal points of the unit circle. 
Preliminary automorphisms of p2 can be used to position the lines of a 
2-arrangement of interest o produce a pleasing picture. We have found it useful 
to have available a (Euclidean) magnification with (fixed) scale factor ~. ~: 0, so 
that the point of pe that corresponds to (u, v) in A has homogeneous coordinates 
(2gu, 2~.v, u2+v 2 -  1). Then the projective line axl +bx2=0 becomes the 
diameter au + by = 0 of A, and the line axx + bx2 =Xo becomes the arc in A 
of the circle u2+v2-2~.au-2~.bv-  1 =0 (with center (~.a, ~.b) and radius 
X/1 + ~.X(a2 + b2)); these join the (identified) antipodal points 
( + b/X/a 2 + b 2, ~:a/X/a 2+ b2). 
The line at infinity x0 - 0 becomes the cross-identified unit circle in A. 
This representation of p2, given geometrically by realizing p2 on the lower 
hemisphere of the unit sphere in R 3 (with antipodal points on the equator 
identified) and projecting from the North Pole onto A by stereographic 
projection, is described in Coxeter [2] (see especially pp. 13-15 and Section 14.6, 
pp. 258-260). Coxeter attributes it to Klein and cites Klein [5, p. 295]. 
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